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Abstract
The paper studies the equation
ut = div(a(x)|∇u|p(x)–2∇u),
with the boundary degeneracy coming from a(x)|x∈∂ = 0. The paper introduces a
new kind of weak solutions of the equation. One can study the stability of the new
kind of weak solutions without any boundary value condition.
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1 Introduction
Consider the evolutionary p(x)-Laplacian equation
ut = div
(
a(x)|∇u|p(x)–∇u), (x, t) ∈QT = × (,T), (.)
which comes from a new interesting kind of ﬂuids: the so-called electrorheological ﬂuids
(see [, ]). Here,  ⊂RN is a bounded domain with smooth boundary ∂, p(x) is a mea-
surable function, we assume that a(x) > ,x ∈ , a(x) = ,x ∈ ∂. If a(x) = , the initial
boundary value problem of equation (.) has been widely studied [–]. If a(x)|x∈∂ = ,
the situation may completely diﬀerent from that of a(x) ≡ . To see that, let us suppose
that u and vwould be two classical solutions of equation (.) with the initial values u(x, )
and v(x, ), respectively. It is easy to show that
∫







It implies that the classical solutions (if there are any) of equation (.) are controlled by
the initial value completely. Certainly, since equation (.) is degenerate on the boundary
and may be degenerate or singular at points where |∇u| = , it only has a weak solution
generally, so whether the conclusion (.) is true or not remains to be veriﬁed. This is the
main aim of the paper.
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If a(x) = dα(x), d = dist(x, ∂) is the distance from the boundary, the well-posedness of
the solutions of the equation
ut = div
(
dα(x)|∇u|p–∇u), (x, t) ∈QT , (.)
was ﬁrst studied by Yin and Wang [], and later by Yin and Wang [], Zhan and Xie [],
etc. While the corresponding equation related to the p(x)-Laplacian
ut = div
(
dα(x)|∇u|p(x)–∇u), (x, t) ∈QT , (.)
was studied by Zhan and Wen [], and Zhan [].
In this short paper, we will study the well-posedness of the solutions of equation (.)
with the initial value
u|t= = u(x), x ∈ , (.)
but without any boundary value condition.
2 Basic functional space and a new kind of weak solution
Let us recall some deﬁnitions and basic properties of the weighted variable expo-
nent Lebesgue spaces Lp(x)(a,) and the weighted variable exponent Sobolev spaces
W ,p(x)(a,) according to []. Set
C+() =
{





For any h ∈ C+() we deﬁne
h+ = sup
x∈
h(x), h– = infx∈h(x).







endowed with the Luxemburg norm
‖u‖Lp(x)(a,) = inf
{














W ,p(x)(a,) is deﬁned by
W ,p(x)(a,) =
{
u ∈ Lp(x)() : |∇u| ∈ Lp(x)(a,)},
endowed with the norm
‖u‖W ,p(x)(a,) = ‖u‖Lp(x)() + ‖∇u‖Lp(x)(a,).
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It is easy to see that the norm
∣∣‖u‖∣∣ = inf
{


























a(x)|u|p(x) dx for all u ∈ Lp(x)(a,).
Then
() ρ(u) >  (= ; < ) if and only if ‖u‖Lp(x)(a,) >  (= ; < ), respectively;
() if ‖u‖Lp(x)(a,) > , then ‖u‖p
–
Lp(x)(a,) ≤ ρ(u)≤ ‖u‖
p+
Lp(x)(a,);
() if ‖u‖Lp(x)(a,) < , then ‖u‖p
+
Lp(x)(a,) ≤ ρ(u)≤ ‖u‖
p–
Lp(x)(a,)





then following the same argument we have
min
{∣∣‖u‖∣∣p– , ∣∣‖u‖∣∣p+} ≤ I(u)≤ max{∣∣‖u‖∣∣p– , ∣∣‖u‖∣∣p+}.
Let a be a measurable positive and a.e. ﬁnite function in RN satisfying
(w) a ∈ Lloc() and a–

p(x)– ∈ Lloc();
(w) a–s(x) ∈ L() with s(x) ∈ ( Np(x) ,∞)∩ [ p(x)– ,∞).
It is worth pointing out that the condition (w) is essential. Without it the space
W ,p(x)(a,) is not necessarily a Banach space even though p(x) is a constant; see [].
There are several kinds functions which satisfy (w), (w), an obvious example is a(x) =
dα(x), α < p– – , p– = minx∈ p(x).





















∣ ≤ k‖u‖Lp′(x)([a(x)] –p(x) ,)‖v‖Lp(x)(a,).
Lemma . Let  ⊂ RN be an open set, p ∈ C+(), and let  be a compact subset of .
If (w) holds, then
Lp(x)(a,) ↪→ L().
Here ↪→ stands for a continuous embedding.
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Lemma . Let p ∈ C+(). Then we have
(i) if a is a positive measurable and ﬁnite function, then Lp(x)(a,) is a reﬂexive Banach
space;
(ii) moveover, if (w) holds, thenW ,p(x)(a,) is a reﬂexive Banach space.
Lemma . Let p, s ∈ C+() and let (w) and (w) be satisﬁed. Then we have the following
compact embedding:
W ,p(x)(a,) ↪→↪→ Lr(x)()
provided that r ∈ C+() and ≤ r(x) < p∗s (x) for all x ∈ . Here,
ps(x) =
p(x)s(x)







(s(x)+)N–p(x)s(x) , if ps(x) <N ,
+∞, if ps(x)≥N .
All this heavily relies on [].
Deﬁnition . A function u(x, t) is said to be a weak solution of equation (.) with the
initial condition (.), if
u ∈ L∞(QT ), ∂u
∂t ∈ L











∂t ϕϕ + a(x)|∇u|
p(x)–∇u · ∇(ϕϕ)
)
dxdt = . (.)





∣∣u(x, t) – u(x)
∣∣dx = . (.)
In our paper, we ﬁrst study the existence of the weak solution.
Theorem . If a(x) satisﬁes the conditions (w), (w),
u ∈ L∞(), u ∈W ,p(x)(a,), (.)
then there is a solution of equation (.) with the initial value (.).
Then we will study the stability of the weak solutions.
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p+ ≤ c, (.)











∣u(x, ) – v(x, )
∣
∣dx. (.)
If a(x) = dα(x) as (.), the condition (.) is equivalent to α ≥ p+ – , then Theorem .
is the same as the main result in [].
Theorem . If a satisﬁes (w)-(w), and for large enough n, let u, v be two solutions of

















q+ ≤ c, (.)
then the stability (.) is true.
By the way, the phenomenon that the solution of a degenerate parabolic equation may
be free from the boundary condition also had been studied by Zhan [] and others.
3 Proofs of Theorems 2.8-2.10




)|∇u|p(x)–∇u), (x, t) ∈QT , (.)
with the initial boundary conditions
u(x, ) = u(x), x ∈ , (.)
u(x, t) = , (x, t) ∈ ∂ × (,T). (.)
Similar to [], we can easily prove that the solution uε of the initial boundary value prob-
lem (.)-(.), there is a constant c only dependent on ‖u‖L∞() but independent on ε,
such that
‖uε‖L∞(QT ) ≤ c, ‖uεt‖L(QT ) ≤ c. (.)


































)|∇uε|p(x) dxdt ≤ c. (.)
Hence, by (.), (.), using Lemma . and Lemma ., there exist a function u and a
n-dimensional vector –→ζ = (ζ, . . . , ζn) satisfying –→ζ = (ζ, . . . , ζn)
u ∈ L∞(QT ), ∂u
∂t ∈ L











and uε → u a.e. ∈QT ,
uε ⇀ u, weakly star in L∞(QT ),





















In order to prove u is the solution of equation (.), we notice that, for any function










Since as ε → , by the fact that a(x) is a C() function with a(x)|∂ = , a(x) > ,x ∈ ,














































)|∇uε|p(x)–∇uε · ∇ϕ dxdt.
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Now, similar to the general evolutionary p-Laplacian equation, we are able to prove that
(the details are omitted here)
∫∫
QT








ζ · ∇ϕ dxdt, (.)
for any function ϕ ∈ C∞ (QT ). By the process of taking the limit, for ϕ = ϕϕ, (.) is still
true. Here, ϕ ∈ L∞(,T ;W ,p(x)(a,)), ϕ ∈ C(QT ). Then u satisﬁes equation (.) in the
sense of Deﬁnition .. 
Proof of Theorem . Let u and v be two weak solutions of equation (.) with the initial
values u(x, ), v(x, ), respectively.
From the deﬁnition of the weak solution, we have u, v ∈ L∞(,T ;W ,p(x)(a,)). For any





, s > n ,
nse–ns , ≤ s≤ n .
Clearly,
lim
n→ gn(s) = sgn(s), s ∈ (–∞, +∞).





, if x ∈  
n
,
na(x), x ∈  \  
n
.
Since ϕ = gn(u – v) ∈ L∞(,T ;W ,p(x)(a,)), by the process of taking the limit, we can





























(|∇u|p(x)–∇u – |∇v|p(x)–∇v) · ∇(u – v)g ′n(u – v)φn(x)dx≥ . (.)
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Denoting q(x) = p(x)p(x)– , by |∇φn| = n∇a when x ∈  \  n , and in the other places, it being























a(x)|∇u|p(x)– + |∇v|p(x)–∣∣∇agn(u – v)
∣∣dx



































p+ ≤ c. (.)

























which goes to  as n→ .
Now, let n→ ∞ in (.). Then
d










|u – v|dx, ∀t ∈ [,T). 


























q+ ≤ c, (.)
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which goes to  as n→ .
Now, let n→ ∞ in (.), we have the conclusion. 
4 Another kind of weak solutions
In general, one may conjecture the conditions (w)-(w) to be necessary. Though beyond
one’s imagination, we still can prove the stability of the weak solutions without (w)-(w).
In the following, we only assume that a(x) > , when x ∈ , a(x) = , when x ∈ ∂.
We will give a new kind of weak solution and study its stability without any boundary
value condition. We denote
W ,p(x)a =
{





⊆W ,p(x)loc (). (.)
Clearly,
W ,p(x)(a,)⊆W ,p(x)a ⊆W ,p(x)loc ().
Here W ,p(x)() is the variable exponent Sobolev space, one can refer to [–] for the
details, also, roughly speaking, one can choose the weighted function a(x) =  in the space
W ,p(x)(a,) deﬁned above.
Lemma .
(i) The spaces (Lp(x)(),‖ · ‖Lp(x)()), (W ,p(x)(),‖ · ‖W ,p(x)()) andW ,p(x) () are
reﬂexive Banach spaces.
(ii) p(x)-Hölder’s inequality. Let q(x) and q(x) be real functions with q(x) +

q(x) = 
and q(x) > . Then the conjugate space of Lq(x)() is Lq(x)(). And for any









if ‖u‖Lp(x)() = , then
∫

‖u‖p(x) dx = ,
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Deﬁnition . A function u(x, t) is said to be a solution of equation (.) with the initial
condition (.), if









ut(ϕϕ) + a(x)|∇u|p(x)–∇u · ∇(ϕϕ)
)
dxdt = . (.)
The initial condition (.) is satisﬁed in the sense of (.).
The deﬁnition is a minor version of Deﬁnition ..
Theorem . If a(x) > ,x ∈ , a(x) = ,x ∈ ∂, and
u ∈ L∞(), u ∈W ,p(x)(a,),
then there is a solution of equation (.) with the initial value (.) in the sense of Deﬁni-
tion ..
We can prove Theorem . in a similar way to that of Theorem ., so we omit the
details here. Moreover, similar to the proof of Theorem ., we can prove the stability of
the solutions when the diﬀusion coeﬃcient a(x) does not obey the conditions (w)-(w).
Theorem . Let u, v be two solutions of (.) with the initial (.) in the sense of Def-
inition ., u, v ∈ L∞(QT ), a(x)|∇u|p ∈ L(QT ), a(x)|∇v|p ∈ L(QT ), and a(x) satisfy the
condition (.). If the assumption (.) or (.) is true, then
∫





|u – v|dx, a.e. t ∈ (,T). (.)
Proof Let u and v be two weak solutions of equation (.) with the initial values u(x, ),
v(x, ), respectively.
From the deﬁnition of the weak solution, we have a(x)|∇u|p(x),a(x)|∇v|p(x) ∈ L∞(,T ;
L()). For any given positive integer n, let gn(s) and φn(x) be as in the proof of Theo-
rem ..
Since ϕ = gn(u–v) ∈W ,p(x)α , by the process of taking the limit, we can choose φngn(u–v)















(|∇u|p(x)–∇u – |∇v|p(x)–∇v) · ∇(u – v)gn(u – v)∇φn dx. (.)









dt ‖u – v‖L(), (.)





















(|∇u|p(x)–∇u – |∇v|p(x)–∇v) · ∇φngn(u – v)dx
∣
∣∣∣








which goes to  as n→  provided that the assumption (.) is true.
By these facts, we can deduce the conclusion of Theorem .. 
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